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CLASS OF HYPOCOMPLEX STRUCTURES ON THE TWO
DIMENSIONAL TORUS
ABDELHAMID MEZIANI AND GIULIANO ZUGLIANI
Abstract. We study the Ho¨lder solvability of a class of complex vector fields
on the torus T2. We make use of the Theta function to associate a Cauchy-
Pompeiu type integral operator. A similarity principle for the solutions of the
equation Lu = au+ bu¯ is obtained.
1. Introduction
This paper deals with the solvability of a class of complex vector fields on the
two-dimensional torus T2. The main results are generalizations of those contained
in the recent papers [5] and [6] where the focus was on solvability in domains of
the plane R2. Study of complex vector fields in T2, or on compact manifolds, was
considered in many papers (see for instance [2], [3], [4], [7], [8], [11]) under the
assumption of separation of variables: the coefficients of the induced equations are
independent on certain variables. This allows the use of partial Fourier series to
carry out the analysis. Our approach here is different and there is no need for the
assumption of separation of variables and the structures are not amenable to the
use of Fourier series.
For the class of closed and locally solvable one forms ω = adx+ bdy on T2 with
orthogonal vector field
L = b
∂
∂x
− a
∂
∂y
,
we associate a first integral in Z on universal covering space R2. This function
turns out to be a global homeomorphism Z : R2 −→ C, sending a fundamental
rectangle R of the covering space R2 onto a parallelogram Pτ in C, with vertices 0,
1, τ , and 1+ τ with Im(τ) > 0. We use the Theta function Θ and the first integral
Z to associate a function
M(p, s) =
Θ′ (Z(p)− Z(s) + z0)
Θ (Z(p)− Z(s) + z0)
,
where z0 = (1 + τ)/2 is the unique zero of Θ in the parallelogram Pτ . This allows
us to introduce a Cauchy-Pompeiu type operator in R2 given
Tωg(p) =
1
2πi
∫
R
M(p, s)g(s) dµs .
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The properties of this operator are summarized in Theorem 3.1 and used to study
the solvability of L on T2.
We prove in Theorem 3.2 that if f ∈ Lq(T2) with q > 2+σ, where σ is a positive
number associated to ω, then equation Lu = f has a Ho¨lder continuous solution in
T2 if and only if
∫
T2
f = 0. For A ∈ Lq(T2), we show in Theorem 4.1, that equation
Lu = Au has a solution if and only if
1
2πi
∫
T2
A is in the lattice generated by 1
and τ in C. Finally, in Theorem 5.1 we give a necessary and sufficient condition
for the solvability of the equation Lu = Au+Bu and deduce a similarity principle
with the solutions of Lu = 0. As a consequence we show that any solution on T2
of Lu = Au+Bu has the form u = exp(s) with s continuous on T2.
This paper was written when the second author was visiting the Department of
Mathematics and Statistics at Florida International University. He is grateful and
would like to thank the host institution for the support provided during the visit.
2. A class of hypocomplex structures
We define a class of differential forms on the two dimensional torus T2 and
associate a global first integral on the universal covering space R2. Let
(2.1) ω = a(x, y)dx+ b(x, y)dy
be a non-vanishing closed one-form on the two dimensional torus T2 where (x, y)
are the angular coordinates. We assume that a and b are functions of class C1+ε,
ε > 0, and that ω satisfies the following properties:
(a) The set of non-ellipticity
Σ =
{
p ∈ T2; ω(p) ∧ ω(p) = 0
}
is a one-dimensional manifold;
(b) For each connected component Σi of Σ, there exists a positive number σi
such that for every p ∈ Σi
ω ∧ ω = |ρi|
σig dx ∧ dy
in a neighborhood of p, where ρi is defining function of Σi near p and g a
non-vanishing function;
(c) The differential form ω is hypocomplex (see [1] and [14]). This is equivalent
to ω having locally open first integrals. That is, for every p ∈ T2, there
exist an open set U ⊂ T2 with p ∈ U and a function ζ ∈ C1+ǫ such that
dζ ∧ ω = 0 and ζ : U −→ ζ(U) ⊂ C is a homeomorphism.
Remark 2.1. Assumption (c) implies local solvability of ω (Condition (P) of Nirenberg-
Treves) which in turn implies that the function Im(ab) does not change sign (see
[1] and [14]).
As in [5], we can assume that there exist local coordinates (s, t) near points
p ∈ Σi in which the differential form ω is a multiple of
(2.2) ds+ i|t|σidt
and first integral ζi
ζi = s+ i
t|t|σi
σi + 1
.
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We denote by L be the orthogonal vector field of ω:
(2.3) L = b(x, y)
∂
∂x
− a(x, y)
∂
∂y
.
Let Π : R2 −→ T2 be the covering map and denote by R the fundamental rectangle:
(2.4) R =
{
(x, y) ∈ R2; 0 6 x 6 1, 0 6 y 6 1
}
.
We consider the pullback
Ω = Π∗ω = Π∗a(x, y)dx +Π∗b(x, y)dy and L = Π∗b(x, y)
∂
∂x
−Π∗a(x, y)
∂
∂y
.
Hence Π∗a and Π∗b are doubly periodic in R2:
(2.5)
Π∗a(x+ 1, y) = Π∗a(x, y + 1) = Π∗a(x, y) ;
Π∗b(x+ 1, y) = Π∗b(x, y + 1) = Π∗b(x, y) .
It should be noted that it follows from dω = 0 that ω is locally exact and that the
function
(2.6) Z(x, y) =
∫ (x,y)
(0,0)
Ω
is a global first integral of Ω. Furthermore it follows from the double periodicity of
Ω that there exist constants C1, C2 ∈ C suct that for every (x, y) ∈ R
2
(2.7) Z(x+ 1, y) = Z(x, y) + C1 and Z(x, y + 1) = Z(x, y) + C2 .
Lemma 2.1. Im(C1C2) 6= 0 .
Proof: Since Im(ab) does not change sign (see Remark 2.1), then
(2.8)
∫
R
Ω ∧ Ω =
∫
R
2iΠ∗Im(ab) dxdy 6= 0 .
Let l1 = [0, 1]× {0} and l2 = {0} × [0, 1] be sides of the rectangle R. Then using
properties of Z, we can write
(2.9)
∫
R
Ω ∧ Ω =
∫
R
dZ ∧ dZ =
∫
∂R
ZdZ
=
∫
l1
(−C2)dZ +
∫
l2
C1dZ = C1C2 − C2C1 .
The conclusion follows from (2.8) and (2.9). 
After replacing ω by
ω
C1
and, if necessary, after a change of variables x˜ = x, y˜ =
−y, we can assume that the primitive Z satisfies
(2.10)
Z(x+ 1, y) = Z(x, y) + 1 ,
Z(x, y + 1) = Z(x, y) + τ with Im(τ) > 0 .
Proposition 2.1. The primitive Z : R2 −→ C given by (2.6) is a global homeo-
morphism.
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Proof: First we show that Z(R2) is a closed subset of C. Suppose that {(xn, yn)}n
is a sequence in R2 such that {Z(xn, yn)}n converges to a point q ∈ C. For every
n, we can find αn, βn ∈ Z and (x
0
n, y
0
n) ∈ R such that
(xn, yn) = (x
0
n + αn, y
0
n + βn).
Hence
(2.11) Z(xn, yn) = Z(x
0
n, y
0
n) + αn + βnτ .
The sequence {(x0n, y
0
n)}n ⊂ R is bounded and so is the sequence {Z(x
0
n, y
0
n)}n. It
follows then from the convergence of Z(xn, yn), (2.11), and Im(τ) > 0 that αn and
βn are bounded sequences in Z. Therefore, the sequence {(xn, yn)}n is bounded in
R2 and consequently (xn, yn) converges to a point p ∈ R
2 and so Z(p) = q.
Since Z is also a local homeomorphism (see assumptions on ω), then Z(R2) is
also open in C. Hence Z(R2) = C. This means that Z : R2 −→ C is a covering
map and, therefore, it is a homeomorphism since C is simply connected. 
Remark 2.2. It follows from the hypotheses on ω that the vector field L is hypocom-
plex in R2 (see [1], [14]). In particular if a function U solves LU = 0 in a region
S ⊂ R2, then U can be written as U = H ◦ Z with H a holomorphic function in
Z(S) ⊂ C.
3. An integral operator via the Theta function
We use the Theta function to construct a generalized Cauchy-Pompeiu operator
for the vector field L that enables us to construct solutions on the torus. For τ ∈ C
with Im(τ) > 0, consider the Theta function
(3.1) Θ(z) =
∑
m∈Z
e2πim
2τ e2πimz .
The following properties of Θ will be used (for details see [12]).
(ı) Θ(z + 1) = Θ(z) ;
(ıı) Θ(z + τ) = e−iπτ−2πizΘ(z) ;
(ııı) The only zero of Θ(z) in the parallelogram Pτ with vertices 0, 1, τ , and
1 + τ is simple and is given by
z0 =
1 + τ
2
.
The zeros of Θ in R2 are zjk = z0 + j + kτ with j, k ∈ Z.
For p, s ∈ R2, define the function M(p, s) by
(3.2) M(p, s) =
Θ′ (Z(s)− Z(p) + z0)
Θ (Z(s)− Z(p) + z0)
.
The function M is meromorphic in Z and satisfies the following
Lemma 3.1. For every p ∈ R2 and s near p, we have
(3.3) M(p, s) =
1
Z(s)− Z(p)
+H(Z(s))
with H a holomorphic function near Z(p). Furthermore, for each j, k ∈ Z
(3.4) M(p, s+ (j, k)) = M(p, s)− 2πik .
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Proof: Property (3.3) follows directly from the definition (3.2) of M and the
properties of the Θ function. To verify (3.4), notice that since
Θ(z + j + kτ) = e−iπkτ−2πikzΘ(z)
then
Θ′(z + j + kτ) = e−iπkτ−2πikz [Θ′(z)− 2πikΘ(z)] .
Therefore
M(p, s+ (j, k)) =
Θ′ (Z(s+ (j, k))− Z(p) + z0)
Θ (Z(s+ (j, k))− Z(p) + z0)
=
Θ′ (Z(s)− Z(p) + z0 + j + kτ)
Θ (Z(s)− Z(p) + z0 + j + kτ)
=
Θ′ (Z(s)− Z(p) + z0)
Θ (Z(s)− Z(p) + z0)
− 2πik = M(p, s)− 2πik . 
Now we use the function M as the kernel of the operator Tω defined defined for
g ∈ Lq(R2) by
(3.5) Tωg(p) =
1
2πi
∫
R
M(p, s)g(s)dµs
where dµs is the density measure in R
2. A simple version of this operator was
considered in [9] and [10] for other classes of vector fields, and more recently in [5]
and [6].
Let
(3.6) σ = max
16i6N
σi ,
where σi is the positive number associated with the connected component Σi of
the characteristic set Σ given in hypothesis (b) on ω and where N is the number of
connected components of Σ.
It follows from property (3.3) of M and from Theorem 16 in [5] that for g ∈
Lq(R2) with q > 2 + σ, we have
(3.7) Tωg ∈ C
α(R), with α =
2− p− µ
p
, p =
q
q − 1
, and µ =
σ
σ + 1
.
Proposition 3.1. Let φ ∈ C∞0 (R
2). Then for every p ∈ R we have
(3.8)
∑
j,k∈Z
φ(p+ (j, k)) =
−1
2πi
∫
R2
M(p, s)Lφ(s) dµs.
Proof: Let p∗ be a point in the interior of the rectangle R, z∗ = Z(p∗) and Dǫ be
the disc with center z∗ and radius ǫ > 0. We take ǫ small enough so that Dǫ ⊂ R.
Set
Kjkǫ = Z
−1(Dǫ + j + kτ) and R
2
ǫ = R
2\
⋃
j,k∈Z
Kjkǫ .
Using the fact that LM(p∗, s) = 0 in R
2
ǫ and supp (φ) is compact, then Green’s
Theorem applied to the function M(p∗, s)Lφ(s) in a domain containing supp (φ)
gives
(3.9)
∫
R2ǫ
M(p∗, s)Lφ(s) dµs = −
∑
j,k∈Z
∫
∂K
jk
ǫ
M(p∗, s)φ(s) dZ(s) .
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Properties (3.3) and (3.4) together with a change of variables in the integrals over
∂Kjkǫ give
(3.10)
∫
∂K
jk
ǫ
M(p∗, s)φ(s) dZ(s) =
∫
∂K00ǫ
M(p∗, s+ (j, k))φ(s + (j, k)) dZ(s)
=
∫
∂Dǫ
(
M(p∗, Z
−1(ζ))− 2πik
)
φ
(
Z−1(ζ) + (j, k)
)
dζ
=
∫ 2π
0
[
1
ǫeiθ
+H(ǫeiθ)− 2πik
]
φ
(
Z−1(z∗ + ǫe
iθ) + (j, k)
)
iǫeiθdθ .
Formula (3.8) follows from (3.9) and (3.10) by taking ǫ→ 0 . 
We have the following theorem:
Theorem 3.1. For every function P ∈ Lq(R2) with q > 2 + σ, the function
TωP ∈ C
α(R2) (with α given in (3.7)) satisfies
(ı) TωP (x+ 1, y) = TωP (x, y) ;
(ıı) TωP (x, y + 1) = TωP (x, y)−
∫
R
P (s)dµs ; and
(ııı) If in addition P is doubly periodic, then LTωP = P .
Proof: Properties (ı) and (ıı) follow directly from (3.4). To verify (ııı), let φ ∈
C∞0 (R
2). Then using Proposition 3.1 we find
(3.11)
< LTωP, φ > = − < TωP, Lφ >= −
∫
R2
TωP (p)Lφ(p) dµp
=
∫
R
−1
2πi
[∫
R2
M(p, s)Lφ(p)dµp
]
P (s) dµs
=
∫
R
∑
j,k∈Z
φ(s+ (j, k))P (s) dµs
=
∫
R
∑
j,k∈Z
φ(s+ (j, k))P (s+ (j, k)) dµs
=
∫
R2
P (s)φ(s) dµs =< P, φ > . 
Theorem 3.2. For f ∈ Lq(T2) with q > 2 + σ, equation Lu = f has a solution
u ∈ Cα(T2) if and only if
∫
T2
f dxdy = 0.
Proof: If equation Lu = f is solvable on T2,∫
T2
f dxdy =
∫
T2
Lu dxdy =
∫
T2
d(udZ) = 0.
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Conversely if
∫
T2
f dxdy = 0, then it follows from Theorem 3.1 that TωΠ
∗f is
doubly periodic and descends as a solution of Lu = f on T2. 
4. The equation Lu = Au on T2
We give a necessary and sufficient condition for the global solvability of the
equation Lu = Au. For A ∈ Lq(T2) with q > 2 + σ, we associate the number
(4.1) ν(A) =
−1
2πi
∫
T2
A(p) dµp =
TωΠ
∗A(0, 1)− TωΠ
∗A(0, 0)
2πi
.
Theorem 4.1. For a function A ∈ Lq(T2) with q > 2 + σ, equation
(4.2) Lu = Au
has a solution in Cα(T2) if and only if the associated number given by (4.1) is in
the lattice generated by 1 and τ :
(4.3) ν(A) = j + kτ with j, k ∈ Z .
In this case any solution of (4.2) has the form
(4.4) u(p) = C exp(TωΠ
∗A(p) + kZ(p)) with C ∈ C .
Proof: Suppose that ν(A) is given by (4.3). The function V ∈ Cα(R2) given by
V (x, y) = TωΠ
∗A(x, y)− 2πikZ(x, y)
satisfies LV = Π∗A by Theorem 3.1, and by (4.3) it satisfies
V (x+ 1, y) = V (x, y)− 2πik and V (x, y + 1) = V (x, y) + 2πij .
Hence u(x, y) = eV (x,y) is doubly periodic and satisfies (4.2).
To prove the necessity of (4.3), suppose equation (4.2) has a solution in T2 (note
that in this case the solution is necessarily Ho¨lder continuous by results contained
in [5]). Then the function
V (x, y) = Π∗u(x, y)e−TωΠ
∗A(x,y)
satisfies LV = 0 in R2. Hence there exists an entire functionH such that V = H◦Z.
Furthermore, if z = Z(x, y), then it follows from Theorem 3.1 that
(4.5)
{
H(z + 1) = H(z)
H(z + τ) = Π∗u(x, y)e−TωΠ
∗A(x,y)−2iπν(A) = e−2iπν(A)H(z) .
It follows from (4.5) that H can factored through a function defined on the cylinder.
That is, H can be written as
H(z) = K(ζ) with ζ = e2πiz
whereK is a holomorphic function in the punctured plane C∗. Moreover,K satisfies
(4.6) K(ζe2πiτ ) = H(z + τ) = e−2iπν(A)K(ζ) .
Consider the Laurent series of K: K(ζ) =
∑
m∈Z
amζ
m. It follows at once from (4.6)
that
(4.7) ame
2iπmτ = ame
−2iπν(A) , ∀m ∈ Z .
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Recall that Im(τ) > 0 so that e2iπmτ 6= 1 for all m. Hence, system (4.7) has a
solution if and only if ν(A) = j+kτ for some j, k ∈ Z and in this caseK(ζ) = akζ
k.
The function Π∗u is therefore
Π∗u(x, y) = ake
TωΠ
∗A(x,y)+2πikZ(x,y) . 
5. The equation Lu = Au+Bu on T2
In this section we give a necessary and sufficient condition for the solvability of
the equation
(5.1) Lu = Au +Bu
on T2 and deduce a similarity principle with the solutions of Lu = 0 on T2 (which
are in fact constant functions). Let A, B ∈ Lq(T2), with q > 2+σ where σ is given
in (3.6). For k ∈ Z, define the operator Pk by
Pkv(x, y) = Tω
[
Π∗A+ B˜k ·
ev
ev
]
(x, y) ,
where
B˜k(x, y) = Π
∗B(x, y) exp
[
−2πik(Z(x, y) + Z(x, y))
]
.
It follows from [5] and property (3.3) of M that if v ∈ Lq(R2) with q > 2+ σ, then
Pkv ∈ C
α(R) with α given in (3.7). We restrict the action of Pk to the subspace
C(R).
Proposition 5.1. The operator Pk has a fixed point in C(R).
Proof: It follows from [5, Theorem 9] that there exists M > 0 such that
|TωF (x, y)| 6 M‖F‖q , ∀F ∈ L
q(R) and (x, y) ∈ R .
Hence
‖Pkv‖∞ 6 M (‖A‖q + ‖B‖q)
.
= C ∀v ∈ V.
Consider the subset K given by
K = { v ∈ C(R); ‖v‖∞ 6 C } .
K is a compact and convex subset in C(R). For every v ∈ K we have
‖Pk(v)‖∞ 6 M (‖Π
∗A‖q + ‖B˜k exp(v¯ − v)‖q) 6 M (‖A‖q + ‖B‖q)
.
= C .
Hence Pk(K) ⊂ K. Furthermore Pk : C(R) −→ C(R) is continuous. Indeed,
since the function g(ζ) = exp(ζ − ζ) is Lipschitz (with constant 2) in C, then for
v, v0 ∈ C(R), we have
‖Pk(v)− Pk(v0)‖∞ =
∥∥∥Tω [B˜k · (exp(v¯ − v)− exp(v¯0 − v0))]∥∥∥
∞
6 M‖B˜k‖q ‖exp(v¯ − v)− exp(v¯0 − v0)‖∞
6 2M‖B˜k‖q ‖v − v0‖∞ .
Thus Pk has a fixed point in K (Schauder’s Fixed Point Theorem). 
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Note as in that in Theorem 3.1, for all x, y ∈ [0, 1], Pk satisfies
(5.2) Pkv(1, y) = Pkv(0, y) and Pkv(x, 1) = Pkv(x, 0) −
∫
R
(
Π∗A+ B˜k ·
ev
ev
)
dµ .
Let Vk be the set of fixed points of Pk: Vk = { v ∈ C(R), Pkv = v }. Hence, for
every v ∈ Vk, there is ν ∈ C such that v(1, y) = v(0, y) and v(x, 1) − v(x, 0) = ν.
Let
Λk
.
= { v(x, 1)− v(x, 0) : v ∈ Vk} .
Theorem 5.1. Equation (5.1) has a Ho¨lder continuous solution on T2 if and only
if there are j, k ∈ Z such that 2πi(j − kτ) ∈ Λk. Moreover any solution u is such
that
Π∗u(x, y) = C exp (2πikZ(x, y) + Pkv(x, y)) ,
with C ∈ C, and v ∈ Vk.
Proof: Suppose that there is v ∈ Vk with v(x, 1)− v(x, 0) = 2πi(j− kτ), for some
j, k ∈ Z. Let
U(x, y) = exp [2πikZ(x, y) + Pkv(x, y)] , (x, y) ∈ R
2 .
It follows from property (5.2) and assumption on v that U is doubly periodic, and,
as Pkv = v, we have
L(U) = UL(Pkv) = UL
(
Tω
[
Π∗A+ B˜k ·
ev
ev
])
= U
(
Π∗A+Π∗B ·
U
U
)
= Π∗A · U +Π∗B · U .
Since U is doubly periodic then u = U ◦Π−1 ∈ Cα(T2) satisfies Lu = Au + u.
Conversely, suppose that u ∈ Cα(T2) solves (5.1). Since L is elliptic on T2\Σ, it
follows that the zeros of u are isolated on T2\Σ and the function
u
u
∈ L∞(T2). Let
V (x, y) = Tω
[
Π∗A+Π∗BΠ∗
(
u
u
)]
.
Theorem 3.1 implies that
L(V ) = Π∗A+Π∗BΠ∗
(
u
u
)
and there exists β ∈ C such that
(5.3) V (x, y) = V (x + 1, y) and V (x, y) = V (x, y + 1) + β, ∀(x, y) ∈ R2 .
We have
L(Π∗u e−V ) = 0
in R2. Therefore, there exists an entire function H in C such that
Π∗u(x, y)e−V (x,y) = H(Z(x, y)) ∀(x, y) ∈ R2 .
Moreover the double periodicity of Π∗u and property (5.3) imply that the entire
function H satisfies
H(z + 1) = H(z) and H(z + τ) = eβH(z) , ∀z ∈ C .
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As in the previous section, such an entire function H is of the form H(z) = Ce2πikz
with C ∈ C and β = 2πi(j + kτ) for some j, k ∈ Z. This completes the proof. 
Remark 5.2. In particular, we have showed that a solution to Lu = Au + Bu
globally defined on T2 never vanishes if it is not identically zero.
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